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We present a theory for the estimation of a salar or a vetor magneti eld by its inuene on an
ensemble of trapped spin polarized atoms. The atoms interat o-resonantly with a ontinuous laser
eld, and the measurement of the polarization rotation of the probe light, indued by the dispersive
atom-light oupling, leads to spin-squeezing of the atomi sample whih enables an estimate of the
magneti eld whih is more preise than that expeted from standard ounting statistis. For
polarized light and polarized atoms, a desription of the non-lassial omponents of the olletive
spin angular momentum for the atoms and the olletive Stokes vetors of the light-eld in terms
of eetive gaussian position and momentum variables is pratially exat. The gaussian formalism
desribes the dynamis of the system very eetively and aounts expliitly for the bak-ation on
the atoms due to measurement and for the estimate of the magneti eld. Multi-omponent magneti
elds are estimated by the measurement of suitably hosen atomi observables and preision and
eieny is gained by dividing the atomi gas in two or more samples whih are entangled by the
dispersive atom-light interation.
I. INTRODUCTION
Preision atomi magnetometry relies on the measure-
ment of the Larmor preession of a spin-polarized atomi
sample in a magneti eld [1, 2, 3℄. From standard
ounting statistis arguments, one might expet the un-
ertainty in suh measurements to derease with the in-
teration time t and with the number of atoms N
at
as
1/
√
N
at
t. If, on the other hand, the monitoring of the
atomi sample, neessary for the read-out of the estimate
of the magneti eld, squeezes the atomi spin, the above
limit may be surpassed. In a reent theoretial analysis
it was onsidered to estimate a salar B eld by a po-
larization rotation measurement of an o-resonant light
beam passing through a trapped loud of spin-1/2 atoms.
This interation squeezes the spin of the atomi sample,
and by quantum trajetory theory [4℄ ombined with the
lassial theory of Kalman lters [5, 6℄, the unertainty in
the eld strength was found to derease as 1/(N
at
t3/2) [5℄.
Very reently this proposal was implemented experimen-
tally, and indeed sub-shotnoise sensitivity was found [7℄.
In a reent analysis of the experiment, we advoated
treating all variables, inluding the magneti eld, as
quantum variables [8℄. Seondly, we introdued a gaus-
sian approximation at an early stage in the formula-
tion of the theory. We further motivated and devel-
oped this point of view in a detailed disussion of the
spin-squeezing proess [9℄. As mentioned in these works,
the gaussian approximation is essentially exat for the
atomi and photoni degrees of freedom of the system un-
der onern, and the advantages obtained by introduing
this desription from the outset of the theoretial treat-
ment are at least four-fold: (i) the gaussian desription
expliitly aounts for the dynamis of the system and
its behavior under measurements through update formu-
lae for the expetation values and the ovariane matrix
whih together fully haraterize the gaussian state, (ii)
the numerial treatment of the update formulae involves
only the manipulation of low-dimensional matries, (iii)
in the limit of small time-steps the update formula for
the ovariane matrix translates into a matrix Riatti
dierential equation whih often lends itself to analyti-
al solution, and (iv) eets of noise introdued by, e.g.,
photon absorption and atomi deay are readily inluded.
Here, we extend our previous analysis [8℄ to explore the
possibilities for estimating B elds with not only one, but
also two or three spatial omponents. In ases with more
than one omponent, it is advantageous to use two or
more polarized atomi samples. With suh setups, we
may identify sets of ommuting observables whih allow
a simultaneous estimate of the B eld omponents. We
also disuss how to gain preision and eieny by en-
tangling the atomi gasses.
The paper is organized as follows. In Se. II, we in-
trodue the atom-photon system used for the estimation
of the magneti eld and desribe the atomi and pho-
toni gaussian variables. In Se. III, we investigate the
estimation of a single B eld omponent, we desribe
our theoretial method in some detail and we derive an
analytial solution for the derease in variane of the B
eld as a funtion of time. In Se. IV, we present our
results for the estimation of two or three spatial B eld
omponents. In Se. V, we quantify the entanglement
between the samples used in our optimal protool for the
estimation of several B eld omponents. In Se. VI, we
explain how to inlude noise in the desription and we
study the eets of noise on the preision of measure-
ments. In Se. VII, we onlude and present an outlook.
II. ATOM-LIGHT SYSTEM: COLLECTIVE
VARIABLES
To estimate the strength of a B eld, we let it interat
with an atomi spin-system whih is ontinuously probed
by a light beam along the lines of Refs. [8, 9, 10, 11, 12,
213, 14℄. In short, we imagine to have a gas of trapped
spin-1/2 atoms whih are desribed by a olletive spin
operator J = ~2
∑
i σi with σi the Pauli spin matries.
The atoms are initially pumped suh that they are po-
larized along the x axis and Jx an be treated as a lassi-
al variable 〈Jx〉 = ~Nat2 with Nat the number of atoms.
The other two projetions of the spin, Jy and Jz , obey
the ommutation relation [Jy, Jz ] = i~Jx whih may be
rewritten as [x
at
, p
at
] = i for the eetive position and
momentum variables xat =
Jy√
~〈Jx〉
, pat =
Jz√
~〈Jx〉
. The
unertainty is easily shown to be minimal in the initial
state and, hene, the state pertaining to x
at
and p
at
is
gaussian.
The light beam propagates along the y axis and is
linearly polarized along x suh that its Stokes operator
〈Sx〉 = ~Nph2 is lassial with Nph the number of photons.
The two remaining omponents fulll a ommutator re-
lation similar to the atomi spin ase. Aordingly, for
the eetive variables xph =
Sy√
~〈Sx〉
, pph =
Sz√
~〈Sx〉
, we
have [x
ph
, p
ph
] = i and the initial oherent state of the
eld is a minimum unertainty gaussian state.
As shown in Ref. [9℄ and referenes therein, the light
and atomi variables evolve as
x
at
7→ x
at
+ κτpph, pat 7→ pat (1)
x
ph
7→ κτpat + xph, pph 7→ pph (2)
when a segment of probe light of duration τ and ux
Φ, and with a harateristi atom-light oupling κτ ∝√
〈Jx〉Φτ , is transmitted through the gas. The present
dynamis in ombination with a detetion of the x
ph
om-
ponent of the photon eld leads to squeezing of the p
at
omponent of the atomi spin.
III. ESTIMATING ONE SPATIAL
COMPONENT OF A MAGNETIC FIELD
The problem of estimating a single omponent of a B
eld was treated in Ref. [8℄ and only a brief disussion
is inluded here for ompleteness. Figure 1 shows the
setup. The B eld direted along the y diretion, auses
x
y
z
By
FIG. 1: Setup for measuring the B eld omponent along the
y axis. This is done using one atomi gas polarized along the
x axis and one photon probe beam propagating along the y
axis with a lassial Sx.
a Larmor rotation of the atomi spin towards the z axis,
i.e., in time τ , p
at
evolves as p
at
7→ p
at
−µτB where µτ is
given by the magneti moment β, via µτ =
1
~
β
√
〈Jx〉
~
τ [8℄.
Hene, Eqs. (1)(2), generalize to
y 7→ Sτy (3)
with y = (By, xat, pat, xph, pph)
T
and
Sτ =


1 0 0 0 0
0 1 0 0 κτ
−µτ 0 1 0 0
0 0 κτ 1 0
0 0 0 0 1

 . (4)
It is the oupling of the B eld to the spin-squeezed vari-
able p
at
that makes an improved preision measurement
of the magneti eld possible [5℄.
Gaussian variables have been studied widely in relation
to entanglement [15℄. The gaussian desription an be
used as long as the interations in the system are at most
seond order polynomials in the position and momentum
operators and only homodyne measurements are arried
out on the observables [16℄. In partiular, the operations
of relevane for this work preserve the harater of a gaus-
sian state. We treat the ontinuous probe beam as a su-
ession of small beam segments of duration τ , and let the
state develop during time τ between suessive measure-
ments. We reall that a gaussian state is fully harater-
ized by its mean value vetor m = 〈y〉 and its ovariane
matrix γ where γij = 2Re〈(yi−〈yi〉)(yj−〈yj〉)〉. Aord-
ingly, we only need update formulae for m and γ. The
initial ovariane matrix is γ0 = diag(2Var(B0), 1, 1, 1, 1)
with Var(B0) the initial variane of the B eld. Under
the linear transformation (3), m and γ transform as
m(t+ τ) = Sτm(t) (5)
γ(t+ τ) = Sτγ(t)S
T
τ . (6)
The photon eld is monitored ontinuously by dete-
tion of x
at
. A major advantage of the gaussian desrip-
tion is that the bak-ation on the residual system due to
measurement is expliitly given. We write the ovariane
matrix as [16, 17, 18℄
γ =
(
Aγ Cγ
CTγ Bγ
)
, (7)
with Aγ the ovariane matrix for the B eld and atoms,
y1 = (By, xat, pat)
T
, Bγ the ovariane matrix for the
photons, y2 = (xph, pph)
T
, andCγ the orrelation matrix
for y1 and y
T
2 . The measurement of xph then transforms
these matries aording to [17, 18℄
Aγ 7→ Aγ −Cγ(πBγπ)−CTγ , (8a)
Bγ 7→ 12×2, (8b)
Cγ 7→ 0, (8)
where π = diag(1, 0), and ()− denotes the Moore-Penrose
pseudo-inverse. Equations (8b) and (8) follow from the
fat that a new light segment is used in every measure-
ment: The initial ovariane matrix for every new seg-
ment of a oherent photon beam is the identity matrix,
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FIG. 2: Unertainty of one B eld omponent as a funtion of
time. The value at t = 5ms is ∆By = 5.814 × 10
−5 pT. We
have hosen a segment duration τ = 10−8 s and orresponding
eld parameters κ2τ = 0.0183 and µτ = 8.8× 10
−4
.
and immediately after measurement there are no orre-
lations between y1 and y2 so Cγ is substituted with the
zero matrix.
The time evolution of m depends on the atual mea-
surements in the optial detetion whih is a random pro-
ess. Therefore the time evolution of the mean value ve-
tor is a stohasti proess, and it transforms as [8, 16, 17℄
m1 7→m1 +Cγ(πBγπ)−(χ, · )T , (9)
where χ is the dierene between the measurement out-
ome and the expetation value of xph, i.e., a gaussian
random variable with mean value zero and variane
1/2.
Sine (πBγπ)
− = diag(B−111 , 0) with B11 twie the vari-
ane of x
ph
, the seond entrane in the vetor (χ, · ) need
not be speied. In losing this setion, we note that it is
possible to understand the transformations in Eqs. (8a)
and (9) by the orresponding transformation of lassial
gaussian probability distributions [9, 19℄.
A. Analytial solution
From the update formulae, we may, in the limit of small
time inrements, derive a dierential equation forAγ . As
By only auses rotation perpendiular to its diretion,
the variable xat ∝ Jy does not ouple to (By, pat) and,
hene, we only need to onsider a 2× 2 system with y =
(By, pat)
T
. The pertaining dierential equation is on the
matrix Riatti form [20℄
A˙γ(t) = C−DAγ(t)−Aγ(t)E−Aγ(t)BAγ(t), (10)
with C = 0, D =
(
0 0
µ 0
)
, E = DT , and B =
(
0 0
0 κ2
)
where κ2 = κ2τ/τ and µ = µτ/τ . As may be heked
by insertion, the solution to Eq. (10) is Aγ = WU
−1
,
where W˙ = −DW + CU and U˙ = BW + EU. The
linear dierential equations for W,U an be solved, and
the resulting solution for the variane of the B eld reads:
Var(B(t)) =
Var(B0)(κ
2t+ 1)
1
6κ
4µ2Var(B0)t4 +
2
3κ
2µ2Var(B0)t3 + κ2t+ 1
−−−→
t→∞
6
κ2µ2t3
∝ 1
N2atΦt
3
,
(11)
where we have introdued the photon ux Φ.
Figure 2 shows the derease in the unertainty of the B
eld with time in a alulation with physially realizable
parameters. From standard ounting statistis one might
have expeted the variane to derease as
1/Nat. Due to
the measurement-indued squeezing of the atomi spin,
we do, however, obtain the faster
1/N2at derease. As we
shall disuss in Se. VI, the inlusion of noise due to
deoherene of atomi spins will alter this dependene
on time and on the number of atoms.
IV. ESTIMATING TWO OR THREE SPATIAL
COMPONENTS OF A MAGNETIC FIELD
In this setion, we desribe how to estimate two or
three spatial omponents of a B eld. In the setup in
Fig. 1, we obtained an estimate of one omponent by
using one atomi gas and one probe beam. To estimate
more omponents we shall need more probe beams and
more atomi gasses.
In order to make a fair omparison of dierent shemes,
we shall assume that all measurements are arried out
in a time interval of the same duration, e.g., 5ms as in
Fig. 2, and that the total photon number used and the
total number of atoms are kept onstant.
A. Two omponents: two probe beams and one or
two separate atomi gasses
In order to estimate Bz in addition to By, we observe
that Bz auses a rotation of xat ∝ Jy so if we add a seond
optial probe beam propagating along z in Fig. 1 and
with Sx lassial then xat will ause a rotation of the eld
variable pph ∝ Sz on the seond beam whih we an then
measure. The setup is symmetri with respet to y and
z, and we obtain equal unertainties on By and Bz. The
problem with this approah is that unlike the unknown
lassial quantities By and Bz, the atomi observables xat
and pat do not ommute. While the rst beam squeezes
xat, it anti-squeezes pat, and the other beam does the
opposite. Thus eetively we have no squeezing of the
atoms leaving us with the
1/t derease in the variane of
the B omponents as shown in Fig. 3.
To estimate simultaneously and preisely two B eld
omponents we need to measure two ommuting atomi
variables. Suh a measurement is possible by using two
separate gasses and by estimating one B eld omponent
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FIG. 3: Unertainty of two B eld omponents as a funtion of
time. We use a single atomi gas and two probe beams whih
are turned on simultaneously. We have hosen a segment
duration τ = 10−8 s and orresponding eld parameters κ2τ =
0.0183 and µτ = 8.8× 10
−4
. The joint unertainty of the two
B elds at t = 5ms is ∆By = ∆Bz = 0.1083 pT.
on eah system with individual probe beams. Both sys-
tems are then equivalent to the setup in Fig. 1 used to
measure By, but in one system (not shown), the probe
beam propagates along the z axis suh that we estimate
Bz by measuring pph. The result is similar to the result
in Fig. 2 exept that the number of atoms and the photon
ux are both divided by two as they are shared between
the two systems. The unertainty of the B elds for large
t is proportional to 1/
√
N2atΦt
3
so the unertainty for esti-
mating two B eld omponents is 2
√
2 times larger than
if we had measured only one with the same eld and
atomi resoures.
The ahievements of a sequential measurement of rst
By and then Bz are shown in Fig. 4. In the rst half of
the time the full photon ux is spent to measure By, leav-
ing the unertainty about Bz unhanged. Although Bz is
subsequently oupled to an anti-squeezed atomi ompo-
nent, it is quikly squeezed, and the estimate of Bz shows
a
1/
√
N2atΦt
3
dependene as in Eq. (11). Now the other
atomi observable is anti-squeezed, but this will surely
not degrade our information already obtained about the
lassial By omponent. The values of Var(By(t)) and
Var(Bz(t)) are 2
√
2 times larger than the unertainty re-
ported in Fig. 2 beause only half the time is spent on
the measurement of eah omponent.
B. Two omponents: two entangled gasses and two
probe beams
If we split the atomi sample into two and polarize one
gas along x and the other along −x suh that 〈Jx1〉 =
−〈Jx2〉, then the two observables (Jy1 − Jy2) and (Jz1 −
Jz2), and equivalently xat1−xat2 and pat1−pat2 ommute.
We ouple these observables to the B elds and probe
beams and use the setup shown in Fig. 5 (see also the
entanglement experiment of Ref. [12℄).
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FIG. 4: Unertainty of two B eld omponents as a funtion
of time using one atomi gas. By is estimated in the rst half
of the time and Bz in the seond half. The dashed line is
for By and the value at t = 5ms is ∆By = 1.647 × 10
−4 pT.
The full line is for Bz and the value at t = 5ms is ∆Bz =
1.645 × 10−4 pT. We have hosen a segment duration τ =
10−8 s and orresponding eld parameters κ2τ = 0.0183 and
µτ = 8.8 × 10
−4
.
Both optial probe beams have Sx lassial, and one
beam propagates along y, the other along z. The beams
1
2
1
2
x
y
z
By
Bz
FIG. 5: Setup for measuring two omponents of a B eld
using two entangled gasses and two probe beams.
pass through both gasses and, oppositely to the protool
in the previous setion, we use all atoms to estimate the
B eld omponents. The eetive Hamiltonian for the
setup is
Hintτ = µτBy(xat1 + xat2) + µτBz(pat1 + pat2)
+ κτ (pat1 − pat2)pph1 + κτ (xat1 − xat2)xph2 ,
(12)
where the two minus signs an be implemented by hang-
ing the sign on κτ after the probe beams have passed
through the rst gas. In pratie the hange in sign
an be eetuated by hanging the sign of the detun-
ing or by interhanging σ+ and σ− polarizations with,
e.g., a half-wave-plate [21℄. The gaussian state vetor is
y = (Bz , By, xat1 , pat1 , xat2 , pat2 , xph1 , pph1 , xph2 , pph2)
T
and from the Heisenberg equations of motion for the op-
5erators we get the following transformation matrix
Sτ =


1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
µ 0 1 0 0 0 0 κ 0 0
0 −µ 0 1 0 0 0 0 −κ 0
−µ 0 0 0 1 0 0 κ 0 0
0 µ 0 0 0 1 0 0 −κ 0
0 0 0 κ 0 −κ 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 −κ 0 κ 0 0 0 0 1


. (13)
The time evolution of the unertainty of the B elds is
shown in Fig. 6. The nal unertainty of By and Bz is a
fator
√
2 higher than in Fig. 2, where we used the entire
photon ux to probe only a single B eld omponent,
but a fator of two lower than in the setup with separate
probing of non-entangled gasses. These fators were ex-
peted beause of the
1/
√
N2atΦt
3
dependene of Eq. (11).
By using entangled gasses we use all atoms, but only half
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FIG. 6: Unertainty of two B eld omponents as a fun-
tion of time using two atomi entangled gasses and two probe
beams. We have hosen a segment duration τ = 10−8 s
and orresponding eld parameters κ2τ = 0.0183 and µτ =
8.8 × 10−4. The unertainty at t = 5ms is ∆By = ∆Bz =
8.221 × 10−5 pT.
of the photon ux to estimate eah B eld omponent.
C. Three dimensional vetor magnetometry
For the estimation of three omponents of a magneti
eld, the situation hanges sine a spin polarized sample
is not a probe for the eld omponent parallel with the
spin. For the sequential probing one would thus measure
By and Bz as just desribed, but one would have to rotate
the sample by 90◦ to determine the last omponent Bx,
and the errors of suh a rotation will limit the preision.
As an alternative, we an divide the gas into three
samples whih are spin polarized along dierent dire-
tions. With suh a setup, we an perform independent
estimates of the three omponents. Sine eah ompo-
nent is determined by one third of the atoms and one
1 2 3
4 5 6
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2
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x
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z
By
Bz
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FIG. 7: Setup used to obtain estimates of all three ompo-
nents of a magneti eld. We use six atomi gasses and three
probe beams.
third of the photons the saling of Eq. (11) predits that
the unertainty is a fator of 3
√
3 larger than in Fig. 2
where we only estimated one B eld omponent.
We wish to ouple the B eld omponents to three
ommuting atomi operators, involving as many atoms as
possible, and a better, but also more ompliated, setup
is shown in Fig. 7. Here we use six entangled gasses
and we let three probe beams pass through four gasses
eah. The gasses are polarized with the following maro-
sopi omponents: 〈Jx1〉 = −〈Jx4〉, 〈Jy2〉 = −〈Jy5〉, and
〈Jz3〉 = −〈Jz6〉. The optial elds are linearly polar-
ized with marosopi Stokes parameters 〈Sz1〉, 〈Sy2〉,
and 〈Sx3〉. The Hamiltonian for the system shown in
Fig. 7 is given by
Hintτ
√
~〈Jx1〉 = µτ (Jx2 + Jx3 + Jx5 + Jx6)Bx
+ µτ (Jy1 + Jy3 + Jy4 + Jy6)By
+ µτ (Jz1 + Jz2 + Jz4 + Jz5)Bz
+ κτ (Jz2 − Jy3 − Jz5 + Jy6)S3
+ κτ (Jz1 − Jx3 − Jz4 + Jx6)S2
+ κτ (Jy1 − Jx2 − Jy4 + Jx5)S1,
(14)
Terms like µτJx1Bx, whih ouple the lassial om-
ponents of the atomi spins to the B elds, are omit-
ted from the interation Hamiltonian as they do not
ontribute to the interations to the same order, e.g.,
[Jy1 , µτJx1Bx] = −iµτ~Jz1Bx, the produt of two small
quantities. By using the Hamiltonian of Eq. (14) we mea-
sure three ommuting observables Jz2 − Jy3 − Jz5 + Jy6 ,
Jz1 −Jx3 −Jz4 +Jx6, and Jy1 −Jx2 −Jy4 +Jx5 and from
their ommutators with the Larmor term in Eq. (14), we
see that they evolve in diret proportion with the three
B eld omponents.
The unertainty of the B eld omponents is shown as
a funtion of time in Fig. 8. As we use
4/6 of the atoms
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FIG. 8: Unertainty of three B eld omponents using six
entangled gasses and three probe beams. We have hosen a
segment duration τ = 10−8 s and orresponding eld param-
eters κ2τ = 0.0183 and µτ = 8.8× 10
−4
. The unertainties at
t = 5ms are ∆Bx = ∆By = ∆Bz = 1.510 × 10
−4 pT.
and
1/3 of the photon ux to estimate eah B eld om-
ponent, the value of the unertainty at t = 5ms is 3
√
3/2
times larger than if we use all atoms and all photons to
estimate only one B eld omponent and a fator of two
smaller than if we use three separate systems to estimate
the three B eld omponents.
V. QUANTIFYING ENTANGLEMENT
BETWEEN ATOMIC SAMPLES
To measure two or three B eld omponents most e-
iently, we showed that one should use entangled gasses.
Here we quantify the degree of entanglement by alulat-
ing the gaussian entanglement of formation (GEoF) [22℄
from the ovariane matrix of the atoms γatoms. Every
time we apply the update formula, we may extrat γatoms
for a pair of gasses from our numerial proedure and up
to loal unitary operations this matrix turns out to be
on the form
γatoms =


n 0 kx 0
0 n 0 −kp
kx 0 n 0
0 −kp 0 n

 (15)
where n, kx, and kp (kx = kp, in our ase) are the
quantities of interest for the evaluation of the GEoF,
E = c+(∆) log[c+(∆)]−c−(∆) log[c−(∆)], with c±(∆) =
1
4 (∆
−1/2 ±∆1/2)2, and ∆ = min
(
1,
√
(n− kx)(n− kp)
)
.
The GEoF for the two gasses used to estimate two
B eld omponents is shown in Fig. 9. For three B
eld omponents, we used six atomi gasses, and we have
alulated the GEoF between dierent pairs of the gasses.
Figure 10 shows the GEoF between two gasses polarized
in opposite diretions, e.g., gas number 1 and 4 in Fig. 8.
The GEoF between pairs like 1 and 2 is zero.
The setup with two gasses is quite equivalent to the one
implemented in reent entanglement experiments [12℄ ex-
ept that the atomi systems are under the additional
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FIG. 9: GEoF for two entangled gasses orresponding to the
ase onsidered in Fig. 6.
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FIG. 10: GEoF for two gasses polarized in opposite diretions
as onsidered in Fig. 8.
inuene of an initially unknown B eld. This slows
down the initial rate of generation of entanglement, but
as Var(B(t)) approahes zero, the entanglement grows
without limits as long as absorption and atomi deay
an be negleted [23℄. In the ase of six gasses whih
are probed in a non-symmetri way, some pairs show en-
tanglement and some do not. This an be understood by
identiation of operators that do not ouple to the probe
elds. The onvergene of the entanglement between op-
positely polarized gasses towards a onstant value is also
observed without oupling to a B eld, and it is due
to the inompleteness of the measurements on the pair
by elds that also ouple to other pairs of gasses. In
symmetri setups with multiple gaussian variables, the
theoretial maximum of pairwise entanglement between
systems also have upper limits reeting the impossibil-
ity for a quantum system to be maximally entangled with
several other quantum systems at the same time [24, 25℄.
7VI. EFFECTS OF NOISE
Eets of noise were reently disussed in Ref. [3℄.
Here we inlude noise in our gaussian desription. As
the photoni probe beams pass through the atomi sam-
ple, there is a probability for photon absorption [26℄
ǫ = Nat
σ
A
Γ2/4
Γ2/4+∆2
and a related probability of atomi
deay [8, 26℄ ητ = Φτ
σ
A
Γ2/4
Γ2/4+∆2
, where Γ is the atomi
deay rate, σ = λ
2
/(2pi) is the resonant photon absorp-
tion ross-setion, A is the beam ross-setion, and ∆
the detuning. These proesses lead to a redution in the
polarization of the Stokes vetor and the atomi spin and
to an inoherent noise ontribution. These features were
disussed in Refs. [8, 26℄ and at length in Ref. [9℄ so here
it is suient to reall the generalizations of the update
formulae in Eqs. (5)(6):
m(t+ τ) = LτSτm(t) (16)
γ(t+ τ) = LτSτγ(t)S
T
τ Lτ +
~Nat
〈Jx(t)〉Mτ +
~Nph
2〈Sx(t)〉N,
(17)
where the diagonal matries Lτ =
diag(1,
√
1− ητ ,
√
1− ητ ,
√
1− ǫ,√1− ǫ), Mτ =
diag(0, ητ , ητ , 0, 0) and N = diag(0, 0, 0, ǫ, ǫ) desribe the
loss of polarization, and the noise introdued by stimu-
lated emission and photon absorption, respetively. In
eah time step τ the atomi polarization 〈Jx〉 is redued
by the fator (1 − ητ ) and κτ is redued by
√
1− ητ .
The presene of noise leaves the update formula for mea-
surements in Eq. (8) unhanged. We may analyze the
pertaining Riatti equation, whih with y = (B, pat)
T
an be written on the same form as in Eq. (10) but
now with C =
(
0 0
0
Nat
〈Jx(t)〉
η
)
, D =
(
0 0
µ η2
)
, E = DT , and
B =
( 0 0
0 (1−ǫ)κ
2(t)
1−ǫ
(
1−
Nph
2〈Sx(t)〉
)
)
, where η = ητ/τ . One an
show that the noise terms in D and E will have vanishing
eet, and if we restrit ourselves to times orresponding
to ηt ≪ 1, we may neglet the time dependene of 〈Jx〉,
〈Sx〉, and κ suh that Nat/〈Jx〉 = 2, Nph/〈Sx〉 = 2, and
κ(t) = κ(0). With these approximations, the resulting
linear equations for the matries U and W an be solved
analytially, leading to lengthy expressions with sums of
produts of exponential funtions, onstant terms, and
terms linear in time t. In the limit
√
ηκ2t ≫ 1, it is
an aurate approximation to maintain only the leading
exponential and we nd
Var(B(t))→ η
µ2t
. (18)
Compared with the result in Eq. (11), we note that in
the long time limit the unertainty dereases as
1/Natt,
and not as
1/N2att3 as in the noise-less ase.
Figure 11 shows (solid line) the time evolution of the
unertainty of the B eld. For short times the analytial
expression (11) disregarding the noise (dotted line) in
the gure, is a good approximation, and for long times
the numerial result follows the expression (18), shown
as a dashed urve on the interval between 0.5ms and
5ms. Similar results are obtained in the simulation of
measurements of two and three B eld omponents.
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FIG. 11: Unertainty of one B eld omponent as a funtion
of time. The full line is the result of a full numerial alu-
lation and the value at t = 5ms is ∆By = 2.333 × 10
−4 pT.
The dotted line is without inlusion of noise and the value at
t = 5ms is ∆By = 5.814 × 10
−5 pT. We have hosen a seg-
ment duration τ = 10−8 s and orresponding eld and noise
parameters κ2τ = 0.0183, µτ = 8.8 × 10
−4
, ητ = 1.76 × 10
−8
and ǫ = 0.0281. The dashed urve shows the result of Eq. (18)
valid for t≪ 1 s, and
√
ηκ2t≫ 1.
VII. CONCLUSION AND OUTLOOK
We have onsidered how to estimate a vetor magneti
eld using a gaussian desription of the variables desrib-
ing the system. To estimate more than one eld om-
ponent it is fruitful to use pairwise entangled separate
gasses. In other appliations, e.g. teleportation, shared
entanglement over some distane is a useful resoure. We
showed that entanglement an be a useful loal resoure
to improve the auray in measurements and parameter
estimation. We note that our protool for the estimation
of two B eld omponents using two optial probe beams
and two entangled gasses is experimentally very feasible.
Essentially, it would require a ombination of the mag-
netometry setup of Ref. [7℄ and the entanglement setup
of Ref. [12℄.
In a broader perspetive, the present work brings out
the virtues of the gaussian state formalism when it omes
not only to the detailed haraterization of entanglement
(see, e.g., Refs. [15, 16, 17, 18℄ and referenes therein),
but also to the pratial desription of quantum sys-
tems [8, 9, 26℄. The fat that the gaussian state is fully
haraterized in terms of its expetation value vetor and
ovariane matrix means that the theory is easy to for-
mulate and to evaluate. It is an outstanding advantage
of the gaussian state desription that expliit update for-
mulae exist not only for the interation dynamis but also
for the bak-ation due to measurement. The gaussian
8state desription is a very versatile tool and we foresee
this approah to be used for the desription of a variety
of dierent systems in the near future.
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